
31.9 Non-Homogeneous DEs

Question: Solve ay′′ + by′ + cy = f(x), where f(x) 6= 0.

Answer: y = yc + yp

To find yc: solve the homogeneous DE ay′′ + by′ + cy = 0

Step 1: Solve the auxilliary equation am2 + bm + c = 0 by factoring or using the
quadratic formula

Step 2: Determine which of the following 3 cases applies:

Case 1: 2 real solutions m1 and m2 ⇒ yc = C1e
m1x + C2e

m2x

Case 2: 1 real (repeated) solution m ⇒ yc = (C1 + C2x) emx

Case 3: 2 complex solutions α± βi ⇒ yc = eαx (C1 cosβx+ C2 sinβx)

To find yp : use the “method of undetermined coefficients”

Step 1: make a list of f(x) and its derivatives to determine the distinct functions
that appear

Step 2: make a basic guess for yp by writing an expression that contains, as separate
terms, all constant multiples of functions appearing in the list made in Step 1.

This looks something like yp = Af1(x) +Bf2(x) + Cf3(x)

Step 3: check if any of the terms in the proposed yp from Step 2 appear in yc.

If they do, multiply those terms by x until they no longer appear in yc

Step 4: using y = yp, find y′ and y′′

Step 5: substitute the y, y′, and y′′ from Step 4 into the original DE from the
question

Step 6: simplify the LHS of this expression.

If we had yp = Af1(x) +Bf2(x) + Cf3(x), the LHS should look like

(constants)f1(x) + (constants)f2(x) + (constants)f3(x)

Step 7: the coefficients of corresponding functions on the LHS and the RHS of the
simplified equation are equal. Use this to find the values of the constants in yp;
i.e. solve for A,B, and C

Step 8: rewrite yp from Step 2 (or Step 3, if applicable) with the numerical values
for the constants

Don’t forget to state your final answer by combining the 2 parts y = yc + yp


